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Learning from data points

Given finite samples {(x;, y;)}™, drawn i.i.d. from X x )
according to P(X,Y), the goal is to learn f : X — ) that encodes
dependency between X and Y.
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Unfortunately, the dependency between X and Y is often nonlinear.
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Learning from data points

The kernel method resolves this problem by considering a mapping
X = H, x— k(x,-),

which embeds in some high-dimensional space H the set of data
points.
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Learning from data points

Theorem

Following the framework of Tikhonov regularization, any function
f € H minimizing the regularized risk functional

L({xi, yi, f(xi)} 1) + AQ([[ 1)

admits the representation of the form

f= Z a,-k(X,', )
i=1

for some o € R™ and reproducing kernel k of H.
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Scenario 1 : Learning from Data Points
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Learning from dirac measures

Consider the Dirac measure d, on a measurable space (X, .A),
where A is a o-algebra of subsets of X', defined for x in X’ by

5u(A) = 1 ifxeA
7)o ifx ¢ A

where A ¢ A.
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Consider the Dirac measure d, on a measurable space (X, .A),
where A is a o-algebra of subsets of X', defined for x in X’ by

5u(A) = 1 ifxeA
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where A € A. For any measurable function f on X, we have
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Learning from dirac measures

Consider the Dirac measure d, on a measurable space (X, .A),
where A is a o-algebra of subsets of X', defined for x in X’ by

5u(A) = 1 ifxeA
1o ifx¢ A

where A € A. For any measurable function f on X, we have
F(x) = / F(£) dou(t)

That is, the evaluation of f at point x is the expectation of f with
respect to Jy.
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If f € H of functions on & with reproducing kernel k, then

(F, k() :/f(t) o (t) .
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Learning from dirac measures
If f € H of functions on & with reproducing kernel k, then
(F k(x, ) :/f(t) do(t) .
This defines a mapping

¢:P—H, o — Es [k(x,")] ,

which embeds in H the set of Dirac measures on X. It is trivial to
see that this scenario is equivalent to Scenario 1.
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Learning from dirac measures
If f € H of functions on & with reproducing kernel k, then
(F k(x, ) :/f(t) do(t) .
This defines a mapping

¢:P—H, o — Es [k(x,")] ,

which embeds in H the set of Dirac measures on X. It is trivial to
see that this scenario is equivalent to Scenario 1.

This is in fact the motivation to embed the distributions into
RKHS (Berlinet and Thomas-agnan, 2004; Smola et al., 2007).
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Scenario 2 : Learning from Dirac Measures

Ox — E&[k(xv )]

Scenario 1 = Scenario 2
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Learning from dirac measures

Proposition

Let F be a set of functions in the reproducing kernel Hilbert space
H having the form f = 3", aik(xi, "), where k is the reproducing
kernel of H, and M be a set of discrete signed measure

w=>> i1 aidx, in H. Then, for m > 1, we have

F=M.
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Proposition

Let F be a set of functions in the reproducing kernel Hilbert space
H having the form f = 3", aik(xi, "), where k is the reproducing
kernel of H, and M be a set of discrete signed measure

w=>> i1 aidx, in H. Then, for m > 1, we have

F=M.
In other words,

z’": aik(xi,-) = z’": iy,

i=1 i=1
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Learning from dirac measures

Proof.
Any Hilbert space H of functions on X with reproducing kernel k
contains, as a dense subset, the set F of linear combinations

m
Za;k(x,-, ), m>1, o €R, x; € X,
i=1

with the property that, for any measurable f in H,

<f7zoéik(xi,')> = Za;f(x,-) :/f du
i=1 i=1

where = >~ @;dy, is the discrete signed measure putting the

mass «; at the point x;.
O
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Scenario 2 : Learning from Dirac Measures

Regularization = Finding the optimal linear combinations of Dirac
measures {0, Oxys - O, |
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Scenario 3 : Learning from Gaussian Measures

P — Ep[k(x, )]
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Learning from Gaussian Measures
Let P be a set of Gaussian probability measures P, with width o

and H, be a RKHS with Gaussian reproducing kernel k,. Define a
map from P into H,

¢ :P— Haa Py — EPa[kU(Xv )] £ :U[PU]
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Let P be a set of Gaussian probability measures P, with width o
and H, be a RKHS with Gaussian reproducing kernel k,. Define a
map from P into H,

¢ :P— Haa Py — EPa[kU(Xv )] £ :U[PU]

Due to the reproducing property of H,, we have

(f,Eplks (x,)]) = Ep[f(x)]
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Learning from Gaussian Measures

Let P be a set of Gaussian probability measures P, with width o
and H, be a RKHS with Gaussian reproducing kernel k,. Define a
map from P into H,

¢ :P— Haa Pa = EPa[ka(Xa )] £ ;U[Pcr]
Due to the reproducing property of H,, we have
(f,Eplks(x;)]) = Ep[f(x)]
Then, define a set of functions

Ty

Z@#[P] Bi €R,P; € P, ||f| <oo}
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Learning from Gaussian Measures

Theorem

Given a training set {(x;, yi)}™, from X x R, a set of Gaussian
probability measure {P,,}™ | with density {p,,},, a strictly
monotonically increasing real-valued function Q on [0, 0), arbitrary loss
function L : (X x R?) — RU {cc}, and nonnegative regularization
parameter A, then any f € F minimizing the regularized risk functional

£ (1P yis B, IFTHLL) + AQ(IIF1)
admits a representation of the form
f(-) = Zaiki(xi; )
i=1
where for some a € R™ and kj = k, ® po,.
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Learning from Gaussian Measures

Proof.

Consider a bounded linear operator Lp, such that
Lp,f =Ep,[f(x)]. Then it follows from Wahba (1990) that each

solution f minimizing
£ (1Piyi Ep, [F(OIHL ) + AQ0IF1)

can be written as .
f = Z Oé,'k,'(~)
i=1

where each k;(-) corresponds to each Lp.. O
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Application
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@ Define kernel k*(p, p’) between probability distributions on X.

@ Define the kernel between examples to equal k* between the
corresponding distributions:

k(va/) - k*(p, P/)
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@ In addition to training data {(x;, i)}, the privileged
information x* € A is also available.
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@ Probability Product Kernel (Jebara et al., 2004)
@ Fitting probabilistic models p1(x), ..., Pm(X) to x1, ..., Xm.
@ Define kernel k*(p, p’) between probability distributions on X.
@ Define the kernel between examples to equal k* between the
corresponding distributions:

k(x,x") = k*(p, p’)

@ Learning using Previleged Information (LUPI) (Pechyony and
Vapnik, 2010; Vapnik and Vashist, 2009)
@ In addition to training data {(x;, i)}, the privileged
information x* € X* is also available.
@ The privileged information is only available for the training
examples.

@ Gaussian Processes
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Summary
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